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Abstract—Degenerate bases significantly enhance the informa-
tion capacity of DNA-based storage systems but necessitate strict
run-length-limited (RLL) constraints to prevent homopolymer-
induced synthesis and sequencing errors. Existing constrained
code constructions for these alphabets either rely on numer-
ical capacity estimates or require constraint-specific auxiliary
computations that are impractical for RLL constraints over
degenerate-base alphabets due to the exponential growth in
forbidden substrings. To address these challenges, this paper
introduces a compressed matrix construction based on the ¢ x ¢
run-extending auxiliary matrix and the ¢ x ¢ run-reset auxiliary
matrix for constrained length /. The construction yields minimal-
degree closed-form constrained-capacity formulations for any
degenerate-base alphabet and provides an explicit O(1)-time
criterion to identify the capacity-maximizing alphabet without
solving capacity roots numerically.

Index Terms—DNA storage, degenerate-base alphabets, RLL
constraint, compressed matrix, constrained capacity.

I. INTRODUCTION

DNA-based data storage has received increasing attention as
a potential solution for long-term data archiving, since DNA
can remain stable over extended periods, store information at
very high physical densities, and be reliably read using widely
available sequencing technologies [1]-[4]. In conventional
DNA storage applications, data are encoded using the four
canonical nucleotide bases as discrete letters, forming the stan-
dard DNA alphabet. Degenerate bases increase information
density by allowing one letter to represent a mixture of the
four canonical nucleotide bases [5], [6].

The practical implementation of DNA storage is challenged
by errors during synthesis and sequencing. A primary cause
of such errors is the formation of long homopolymer runs of
nucleotide bases [7]-[9]. For constrained length ¢, a standard
solution is to impose the ¢-RLL constraint, which prevents
any nucleotide base from appearing more than ¢ consecutive
times.

For a degenerate-base alphabet of size «, the comprehensive
FSTD of Nguyen et al. [10] enumerates all length-¢ sub-
strings. Its adjacency matrix is used to compute constrained
capacity from the spectral radius [11]. Therefore, we obtain
a comprehensive adjacency matrix with x‘ states and char-
acteristic polynomial degree x‘, both exponential in /. A
direct closed-form constrained-capacity formula would require
factorizing this exponential-degree characteristic polynomial.
The Goulden—Jackson cluster theorem [12] can compute a
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closed-form generating function from overlaps of forbidden
substrings. However, for degenerate-base alphabets, this ap-
proach still requires exponentially many forbidden substrings
and the factorization of the induced exponential-degree gen-
erating function.

In contrast, our goal is to obtain closed-form constrained-
capacity formulas specifically for the ¢-RLL constraint over
degenerate-base alphabets. Instead of characterizing all for-
bidden substrings, we characterize the constraint by the run-
extension and run-reset auxiliary ¢ x ¢ block matrices (see
Construction 1) and compress the induced matrix by colour-
refinement (see Construction 2). Conceptually, this has the
same purpose as adjacency matrix compression [13], [14],
namely constructing an alternative smaller adjacency matrix
while preserving the spectral radius and therefore the con-
strained capacity.

Accordingly, this paper constructs a compressed matrix
for any degenerate-base alphabet (see Theorem 1), derives a
minimal-degree closed-form constrained-capacity polynomial
for the six-letter degenerate-base alphabet (see Theorem 2),
and proves the optimality of that alphabet through a recurrence
comparison rather than numerical capacity estimates (see
Theorem 3).

II. PRELIMINARIES

Definition 1 ((-RLL constraint for the standard DNA alpha-
bet): Let ¥4 = {A,C,G, T} be the standard DNA alphabet, with
constrained length ¢ € N. A sequence s = (s1,...,5,) € X7
satisfies the /-RLL constraint if no letter appears consecutively
more than ¢ times. Equivalently, the constraint is violated if
Sm = Sm+41 =+ = Sm4e for some 1 <m < n —{.

Definition 2 (Degenerate-base alphabet): A degenerate-
base alphabet X, is an ordered set of « letters, where each
letter s € X, represents the non-empty support set supp(s) C
>.4. The order of letters in this alphabet is lexicographic: letters
containing A first, followed by C, followed by G, and finally
T.

For instance, degenerate-base alphabet ZZ =
{A,A|C,C,G,G|T,T} contains standard letters A,C,G,T
and two degenerate-base letters A|C, G|T, with supp(A) = {A}
and supp(A|C) = {A,C}.

Definition 3 (¢-RLL constraint for degenerate-base alpha-
bets): For constrained length /¢, a sequence (s1,...,S,) € X7
violates the /-RLL constraint if there exist x € ¥4 and an
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index m with 1 < m < n — ¢ such that z € supp(s,) for
every g € {m,m+1,...,m+(}.

Definition 4 (Support-intersection set): For each letter s €
Y., its support-intersection set is A'(s) = {t € X, | supp(s)N
supp(t) # @}

III. COMPRESSED MATRIX CONSTRUCTION FOR THE RLL
CONSTRAINT

For a degenerate-base alphabet X,; with constrained length
¢, let D(¢;%,) be the comprehensive adjacency matrix of
the FSTD. Its states are all length-¢ substrings over X,
so its size is k! x k. A transition from x = z1---xp to
y = y1---ye is allowed when zo---xy = y1---ysr—1 and
the concatenated length-(¢ 4+ 1) substring x1 - - - xpy, satisfies
the /-RLL constraint. The comprehensive adjacency matrix of
the FSTD is not suitable for closed-form derivation, since the
characteristic polynomial degree is .

In this section, we construct an adjacency matrix A as
an alternative to the comprehensive exponential-size FSTD
obtained by enumerating all length-¢ substrings. The construc-
tion uses the set ¥, x {1,...,¢} of size x¢, where each
element (s,7) consists of a degenerate-base letter s € X,
and a run-length r. The auxiliary ¢ x ¢ block matrices in
Construction 1 construct A, and the construction preserves
the constrained capacity of the comprehensive FSTD, namely
p(D(t:5,)) = p(A).

Construction 1 (FSTD adjacency matrix from auxiliary £ x £
block matrices): The ¢-RLL constraint is represented by the
¢ x £ run-extending auxiliary block matrix

o1 0 --- 0
oo 1 --- 0
R=|: o
o0 --- 0 1
00 --- 0 O
and the ¢ x ¢ run-reset auxiliary block matrix
10 --- 0
10 --- 0
S:
10 --- 0

The matrix A is constructed according to the lexicographic
order of letters in the alphabet and has size k¢ x k¢, where
the ¢ x ¢ block with row letter s and column letter ¢ is

_ JR, supp(s) Nsupp(t) # 2,
Als,t) = {S, supp(s) Nsupp(t) = @. M

For the degenerate-base alphabet Zg = {A,A|C,C,G,G|T, T},
we have
RR

Af =

nwnwn=
nwnwwo

S
R
R
S
S

T wwwnwn

S S
S S
S S
RR
RR
SSSSRR

This FSTD adjacency matrix is obtained without enumerat-
ing all length-¢ forbidden substrings. To derive closed-form

formulas and identify optimal degenerate-base alphabets, we
further compress A by a colour-refinement partition, as in
Construction 2 below.

Construction 2 (Colour-refinement partition for construc-
tion of compressed matrix): Set m = [Cq,...,Cy], an
ordered partition of the degenerate-base alphabet ¥, into
disjoint classes of degenerate-base letters. For a given or-
dered partition m, the run-extension profile of a letter s is
pw(s) = (pl(s)v'-~7pm(3))’ where pb(s) = |{t € Cp :
supp(s) Nsupp(t) # @}|. The colour-refinement partition is
constructed in three phases:

o Initialization: The initial classes of my consist of letters
with equal [N (s)| from Definition 4.

e Refinement: Compute the run-extension profiles and split
each class of degenerate-base letters into subclasses
whose letters have identical profiles. When a class C|,
is split, its subclasses replace C, in the ordered partition,
while the order of all other classes is retained.

e Stabilization: Repeat the refinement step until no further
split occurs. Set 7* = [CY, ..., C,] for the coarsest stable
colour-refinement partition, where = |7*| is the number
of classes of degenerate-base letters.

After stabilization, for s € C,, set [Pl,, = pu(s) and
[Qla,p = |Cy|. The rows and columns of P and Q follow the
class order in 7, so the construction of Acqmp is uniquely
determined.

Example 1 (Colour-refinement partition for Ez. ): The
refinement procedure is demonstrated using the six-letter
degenerate-base alphabet

»i = {a, Alc,C,G,G|T, T}.

1) Initialization. The support-intersection set sizes from
Definition 4 determine the initial classes. For this al-
phabet,

N (@) = IN(C)] = IN(G)] = IN(T)| = 2,
IV(A[C)| = IN(GIT)| = 3.
Therefore, we obtain the initial partition
mo = [{A,C,G, T}, {A|C,G|T}].
2) Refinement. With respect to mg, the run-extension pro-
files are
Pro(A) = Py (C) = Py (G) = Pro (T) = (1, 1),
Pro (A|C) = Py (G[T) = (2, 1).
Therefore, we obtain identical profiles within each class,
and no class is split further.

3) Stabilization. No further splits occur, so the refinement
stabilizes at m* = my. The colour-refinement partition
with n =4 is given by

Ci = {A3C7G7T}7 Cy = {A|C3G|T}

Therefore, we obtain
1 1 4 2
T T
S F IR ]

Lemma 1 (Class-wise aggregation under the stabilized par-
tition): Let 7 = [C4,...,C,| be the ordered partition into
classes of degenerate-base letters obtained from Construc-
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tion 2. For s € Cy and b € {1,...
with respect to 7, we have

Z A(s,t) = pp(s)R+ (|Cs| — pi(s))S. 2
teCy
Moreover, for each given a and b, the value py(s) is identical
for all s € C,,.

Proof: By the definition of p,(s) and (1), the sum over
t € Cy contains py(s) copies of R and |Cy| — pp(s) copies of
S, which proves (2). Since 7* is stabilized, all letters in the
same class have identical run-extension profiles.

Theorem 1 (Construction of compressed matrix): For a
degenerate-base alphabet X,, with adjacency matrix A con-
structed by the auxiliary £ x ¢ block matrices in (1), we have
the compressed matrix construction

Acomp =P2(R—-8S)+Q®S € N7t
where P, Q € N7*" are obtained from Construction 2. This

compressed matrix satisfies p(A) = p(Acomp)-
Proof: Set the class-expansion matrix E € {0, 1}%/*7¢ by

1
(E](s,r),(a,q) = {

0, otherwise.
This matrix expands one compressed coordinate (a,q) to all
auxiliary states (s,q) with s € C,. For s € C,, (2) and the
construction of P and Q give

> As,t) = [Plap(R—8) + [QlasS = Acomp(a,b). (3)
teCy
Equivalently, (3) is the matrix identity

AE = EAcony. @)

Indeed, for row (s,r) with s € C, and column (b,q), the
entry of AE equals the sum of the entries from (s,r) to
all states (t,q) with ¢ € C,. By identity (3), this is exactly
the entry of Agomp from (a,r) to (b,¢), which is also the
entry of EA o, at row (s,7) and column (b, ¢). This proves
matrix identity (4). Set v to be the positive Perron—Frobenius
eigenvector of Agomp associated with p(Acomp). Since every
row of E contains exactly one non-zero entry, Ev is positive.
From matrix identity (4), we have
A(EvV) = EA onpVv = p(Acomp)Ev.

Therefore, we obtain that A has a positive eigenvector with
eigenvalue p(Acomp). By the Perron-Frobenius theorem for
nonnegative adjacency matrices [16], [17], this eigenvalue
is the spectral radius of A. Therefore, we obtain p(A) =

p<Acomp)-

,n}, with py(s) computed

, s€(C,and r =gq,

IV. CLOSED-FORM CONSTRAINED CAPACITY OF THE
SIX-LETTER DEGENERATE-BASE ALPHABET

We first derive the closed-form constrained-capacity poly-
nomial for

»i = {a, Alc,C,G,G|T, T}.
For EZ, the coarsest stable colour-refinement partition is C; =
{A,C,G, T} and C2 = {A|C, G|T}. Therefore, we obtain

o P Y IR P
fef] e

The characteristic polynomial is taken from the compressed
matrix Al . whose degree is 2/, rather than from the
comprehensive FSTD adjacency matrix of size 6° x 6°.

The integer sequence F} is specified by Iy = 0, 1 = 1,
and

Fy =2F;_1 + Fj_». (6)

In particular, (6) has F; = 2Fy+ F_q1,s0 F_1 = 1.

Proposition 1 (Reduction of x 1+ () to a 2 x 2 determi-

Lomp

nant): The characteristic polynomial of A satisfies

comp

Xat

¢
i (@)= det (2T, — Z; 2= (PHI(PhH~HQf - Ph).
’ )
Proof: We have
Al =P oR+(Q'-PH®S.
The matrix R increases a run of length r to length r 4+ 1
for 1 < r < /¢, while S resets the run-length to 1. Set

v = (v1,...,vy)T, where v, € R? is the two-entry vector
associated with run-length 7. Then (21, — Alomp)v =0is
equivalent to
(21 — (QT = PT))v; — Plvy =0,
zlov, — PTVT+1 =0, 2<r</{-1,
zlsvy = 0.
®)
Therefore, we obtain the coefficient matrix
(2, — (Qf —P") —PT 0 .. 0 ]
0 I, —Pt
0 0 2L, . 0 |- ©
: . —Pf
0 0 0 zI

Starting with the lower-right 22 block of (9) and app_lying the
Schur-complement identity recursively to the preceding block

rows, we obtain
—1

(z) = 22D det (2T, — Zw‘j PH(QF —Ph).
Jj=0

+
Acomp

(10)
Multiplying the matrix inside the determinant in (10) by ‘=1,

we obtain
-1

XALoms (z) = det(z'I5 — Z gt
j=0
< (PH+ (P 1(Q! - PT)).
After replacing j+1 by 7 in the summation, we obtain identity
(D.
Proposition 2 (Expansion for powers of PT): Forall j > 1,
we have

(P = P14+ Fj_ Lo (11)
Proof: From matrix identity (5), we obtain
(PH2 =2PT +1,. (12)

Equation (11) holds for j = 1. If identity (11) holds for j,
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then multiplying by Pt and using identity (12) gives
(PTYIT! = (2F; + F;_1)PT + Fj1,.

By recurrence (6), this is Fj+1PJr + FjI5, so identity (11)

follows by induction.

Theorem 2 (Closed-form constrained-capacity polynomial
for Zg ): The constrained capacity of Zg is logy A¢ by the
constrained-system capacity formula log, p [11], where )\, is
the largest real root of

‘
XAl (@) = 2%+ 3 _(Fj-

j=1

1 — 4Fj)$2£—j

’ (13)
+ Z(*l)jJrng_j_i_lIEZij.
j=1
Proof: From matrix identity (5), we have (P)~1(QT —
Ph) = _41 (1) . Proposition 2 implies
¢ ‘ ‘ ¢

3P = (3

=t =t (14)

¢
+ (Z Fj_l.lﬁg_])]:g
j=1
Substituting identity (14) into Proposition 1, together with

-1.0 -1 0
tr[4 1}:o, tr(PT{Zl 1}):4,

-1 0
det [ 4 1] =1, det(PT)=—1,

we obtain

Vi
26 ggt ZFJ{L’[*J-
ZF.Z‘Z ]
X (Z Fj_ll'zij)
j=1

The last three terms of (15) are

ZF:EEJ ZFm
_(Z;F

From recurrence (6), we have F,,, — 2F,,_1 = F},_o. For the
coefficient of 22¢~7 in these three terms, we obtain

Xat (x) =

comp

Z F; zt J
- (Z Fj_yz*7)?
j=1

15)

l
) Fjaat)
j=1

Jj—1
> (FeFj o —2F.Fj 1 — F, 1 Fj_, 1)
r=1

j—1

= (FrFjra—

r=1

Fr 1Fj 1) =Fj_1.

For the coefficient of 2/—7

¢
> (FrFryjr —2FFoij 1 — Fr 1 Foyj 1)
r=j
=FFj_o—Fj_1Fy = (=1 F_ji1.
The equality in (16) follows from FyFj_o — F;_1F;_1 =
(=171 F,_; 11, obtained from F,.; = 2F, + F,._y. The
non-quadratic term in (15) contributes —4F}; to the coefficient
of x2*~7 and contributes nothing to the coefficient of x‘~7
Therefore, we obtain coefficient Fj_; — 4F; for 22~/ and
coefficient (—1)*1F,_; 1 for =7, which proves (13).

in these three terms, we obtain

(16)

V. OPTIMAL DEGENERATE-BASE ALPHABET
IDENTIFICATION

For six-letter degenerate-base alphabets, the dominance step
removes alphabets whose larger support letters cannot increase
constrained capacity. For example, M; = C|T and My = C|G|T
are strictly dominated by M; = C|T and My = C|G, as the latter
admits more valid ¢-RLL sequences and higher constrained
capacity. Therefore, we obtain the two non-dominated candi-
dates after removing strictly dominated alphabets under the
{-RLL constraint:

s = {a, Alc,C,G,G|T, T},

st = {a,4lc,c,ClG,G, T}

For Eg, the coarsest stable colour-refinement partition is C; =
{4,C,G, T} and Cy = {A|C,G|T}. Therefore, we obtain

1 4 2

T _

e R R

For Eé, the coarsest stable colour-refinement partition is

Cy = {T}, Cy ={A,G}, C5 ={C}, Cy = {A|C,C|G}.
Therefore, we obtain

10 00 1 2 1 2
01 01 1 2 1 2
1 I —
P 0 0 1 2|’ Q= 1 2 1 2 an
01 1 2 1 2 1 2
The two candidates are compared through p(Acomp) and

p(Aiomp). Since the characteristic polynomials induce differ-
ent recurrences, a direct termwise comparison is not available,
so we use a trace method.

Proposition 3 (Trace expansion for the compressed matrix):
For T=P® (R—S)+Q®S and every integer k£ > 0, we

have
k

— Z (’;) tr(P*Q" ) tr(R —S)*S).  (18)

a=0

tr(TF)

Proof: Expand (P ® (R—S)+Q® S)’c in tensor-product
form. Since S is idempotent, Sk—a =S fork—a > 1. Taking
traces and using tr(X®Y) = tr(X) tr(Y), we obtain formula
(18).

Proposition 4 (Trace recurrences for the two six-letter
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degenerate-base alphabets): For large k, we have

tr((A]

k
fomp)") = 6% — ( €>6ke162 + o(@ 6",

() = 6 = ()= of ()00,

where ¢, = gT'(PT)1y, e, = f7(PH) 14, QF = 1og7,
QF = 1,7, g = [4,2]T, and f = [1,2,1,2]T. Moreover,
cg = 2¢¢-1 + cp—o with ¢¢ = 6 and ¢; = 14, while
ep =4dep_1—2e4_o9—ep_3 with eg = 6, e; = 16, and ey = 50.
Proof: Let 1,, be all-one and let e; be the i-th unit vector.
Since S = lgelT, we have
tr((R — S)?S) = el (R — S)°1,.
Moreover, (R — S)1, = —e; and (R — S)e, = e, for
2 < r < /. Therefore, we obtain
1, a=0,
-1, a=1{,

0, 1<a</{—1.
Substituting identity (19) into formula (18), only the sum-
mands with ¢ = 0 and a = { are needed for the trace
comparison. For either Q = Qf or Q = QF, we have
Q = 1,,w” with w'1,, = 6, and therefore Q" = 6"~'Q
for every 7 > 1. The a = 0 summand in (18) is tr(Q*) = 6*,
while the ¢ = ¢ summand is

— (;) tr(P'QF%) = — (;) 6" tr(PAQ).
For Qf = 1,g”, we obtain
tr((PT)ZQT) = tr((PT)ZlggT) =gl (PH1y = ¢
The matrix PT satisfies (PT)2 = 2P +1I,. Multiplying the left
side and right side of (12) by g7 (P")*~2 and 15, we obtain
c¢ = 2¢4—1 + co—o. The initial terms are ¢y = g’ 1, = 6 and
c1 = gTPT12 = 14.
For QF = 1,7, the trace of (P*)‘Q* is
tr(PH'QY) = 1 (P 1, = ey
Equation (17) decomposes P* as

(R — S)°S) = (19)

L or 101
Piz[o A}, A=10 1 2|. (20)
1 1 2
e 107 N
Therefore, we obtain (P+)" = o Al Substituting this

identity into e, = f7(P¥)‘14, with £ = [1,h7]7, 1, =
[1,uT]T, h = [2,1,2], and u = [1,1,1]T, gives e, =
1+h”Afu. Since A® = 4A%—2A—1I3, multiplying by h” A*—3
and u gives ey = 4ey—1 — 2e4—o — ey—3. We have ey = 6,
€1 = 16, and €y = 50.

Theorem 3 (Optimal six-letter degenerate-base alphabet

identification using simple recurrence): For sufficiently large
k, we have tr((Af ¥ > tr((Al,.,)¥), and therefore

comp com
p(Aiomp) > p(Aﬁomp). Consequently, > is the optimal six-
letter degenerate-base alphabet.

Proof: Set dy = e;—cy. Proposition 4 gives d; = 2, do = 16,
ds = 80, dy = 334, and

dgy1 = 4dp — 2dp_1 — dy—o + co—1 + co—2.
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Since ¢; > 0, the induction hypothesis d; > 0 and d; > 3d; 1
giVCS dg_H > 4dg—2dg/3—dg/9 = %gdg > 3d,. Hence e; > ¢
for every £ > 1, and Proposition 4 gives tr((Af,,,)*) >
tr((Af,,,)") for sufficiently large k.

VI. CONCLUSION

This work proposes a compressed matrix construction for
the /-RLL constraint over degenerate-base alphabets using run-
extension and run-reset auxiliary matrices. The construction
yields minimal-degree closed-form constrained-capacity for-
mulations without exponential length-¢ substring enumeration
and an explicit O(1)-time criterion for capacity-maximizing
alphabet identification without solving capacity roots numer-
ically. Future work will integrate these constrained codes
with synchronization-error-correcting codes for DNA storage
channels.
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